
HIGH DENSITY MATTER

1. Problem 1

We want to calculate the heavy quark potential in N = 4 Super Yang Mills theory
using the AdS/CFT correspondence (Maldacena; hep-th/9803002). In the gauge
theory, the heavy quark potential VQQ̄(r) is given by a static (time-like) Wilson loop
connecting the quark and the antiquark (see figure 1):

(1) 〈W (r)〉static = lim
T→∞

exp
[
−VQQ̄(r) T

]
where r is the separation between the quark and the antiquark and T the temporal
extent of the loop. On the gravity side, the interaction is represented by a string
connecting the quark and the antiquark and “holding“ down in the 5th dimension,
z. The prescription to calculate the Wilson loop under the correspondence is the
following:

(2) 〈W (r)〉static = exp [−SNG] ,

Figure 1. example caption
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where SNG is the (classical) Nambu-Goto action of the two-dimensional worldsheet
spanned by the string. It is defined as

(3) SNG = − 1

2π α′

∫
dσdτdet

√
−gMN∂aXM∂bXN ,

where {M, N} = 1...5, {a, b} are the two coordinates that parametrize the two-
dimensional string worldsheet and α′ is the string tension. The metric of the AdS5

space can be written as follows

(4) ds2 = gMNdxMdxN =
L2

z2

[
−dt2 + d~x2 + dz2

]
,

where (t, ~x) are the usual 4 dimensions, z is the coordinate describing the 5th di-
mension and L is the curvature of the AdS5 space (constant). It is convenient to
parametrize the string coordinates in terms of the x−t coordinates, i.e. (σ, τ) = (x, t).
Since the problem at hand is static, we have

(5) XM =
[
X1 = t,X2 = x, X3 = cte,X4 = cte,X5 = z(x)

]
Question 1: Using Eqs. (3-5), derive the Nambu-Goto action.
Question 2: Extremize the obtained NG action by deriving and solving the corre-

sponding Euler-Lagrange equations:

(6)
∂L

∂ z(x)
− ∂

∂ x

∂L
∂z′(x)

= 0,

with the appropriate boundary conditions: z(x = ±r/2) = 0. L is the Lagrangian
density.

Question 3: Evaluate the classical NG action. Notice that it is divergent when
z → 0. In order to obtain a finite result subtract the action corresponding to two
straight strings hanging from the quark and antiquark positions to the end of the
AdS space, i. e, replace

(7) SNG → SNG − 2Smass
NG , with Smass

NG = T
∫ ∞

0

dz lim
z′→∞

LNG(t, z(x)).

What is the physical meaning of the subtracted term, 2Smass
NG ? Using (1-2), calculate

the heavy quark potential. Interpret physically the result.
Question 4: Using exactly the same rationale as above, derive the heavy quark

potential at finite temperature. The only difference is that now the background
metric is given by the “black brane“ gravity solution:

(8) ds2 = gMNdxMdxN =
L2

z2

[
−

(
1− z4

z4
H

)
dt2 + d~x2 +

dz2

1− z4

z4
H

]
,
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where zH = 1/(π T ) is the location of the black hole horizon along the 5th dimension
and T is the temperature in the gauge theory.

Hints

• Use the following relation between the string tension, α′ the curvature, L,
and the ’t Hooft coupling, λ = g2

Y MNc, to simplify the expressions:

(9)
1

α′
=

√
λ

L2

• The Euler-Lagrange equation is a second order differential equation in x. It
has, therefore, two constants of integration. The first one can be sorted out
from the boundary conditions z(x = ±r/2 = 0). The second one can be ob-
tained from the condition that the string maximum along the 5th coordinate,
zm, is reached at x = 0, i.e z(x = 0) = zm, z′(x = 0) = 0.

• Some formulae

(10)

∫ zm

0

dz
z2√

z4
m − z4

=
zm

2c0

, with c0 =
Γ

(
1
4

)2

(2π)3/2

(11)

∫ zm

ε

dz

z2

z2
m√

z4
m − z4

=
1

ε
− 1

2 c0 zm

+O(ε)


